Abstract. The weak solution (0, h) of the Stefan problem in some annular domain to x (0, T) is compared with the weak solution ({9, H) of the "symmetrized" problem, in l x (0, T), where f is a symmetrical annulus having the same measure as to. For the one-phase Stefan problem--0 -> 0, h (-a, 0) when 0 0-it is shown in particular that the "volume of ice" (meas {h(t)=-a}) remains greatest in spherical symmetry (with initial data decreasing along the radii).
1. Introduction. We consider the Stefan problem in its simplest form and in an annular space geometry: find a pair (0, h) g is constant on each of ro Yo x (0, T) and O" ')/1X (0, T), let us say {01 n 'o, g on O" a is a strictly monotone graph in R E (regarded as a map from R into subsets of R). The typical form of a for the Stefan problem is ao(O-h)-a for0<A, (1. 2) a. GUSTAFSSON AND J. MOSSINO hoL(to) and satisfies an extra condition (see (1.6), (1.7) below), which essentially means that 0o b(ho) belongs to Hi(to) and satisfies 0_-< 0o -< 1.
The physical interpretation of (1.1) when a is of the form (1.2) is that 0 is the temperature and h the enthalpy of some matter that undergoes a phase change (solid-liquid) at temperature A. The number a is proportional to the latent heat for the phase change, and ao and a are proportional to the heat capacities of the solid and liquid states, respectively (t, ao, al are also inversely proportional to the thermal conductivity coefficients). With more general a (often single-valued) , there are many other interpretations of (1.1) (e.g., porous medium equation).
Our boundary and initial data, g and ho above, are such that the solution (0, h) of (1.1), by the maximum principle, will satisfy 0 =< 0 <= 1 in all q. In the case of (1. [3] or [4] ).
Existence and uniqueness of weak solutions can be proved in several different ways. One method, developed by Oleinik [9] (in one space dimension) and Friedman [3] (see also [4] ) is to obtain the weak solution as a limit as e 0 (e > 0) of [8] for linear parabolic problems. Some of our corollaries confirm the intuitive idea that, among all domains to tOo\ol, with too, (,01, of given measures (volumes) , and all equimeasurable initial data ho, the solid "melts slowest" in the symmetrized domain, with symmetrized ho (Ho Ho ho). These results were announced in a previous note [5] .
One drawback of our method is that it seems to require constant boundary values at the origin and having the same volumes as 09 i. Thus 12 c 12o. We also set f 12o\121, Q=I2 x (0, T), F =Ol'Ii. In general, when a lowercase letter is used for a certain quantity in the original problem, the corresponding capital letter will be used for the same quantity in the symmetrized problem. Our main technical tool is the following result. THEOREM 1. For classical solutions of (1.1) and (1.1)8, we have the comparison on the two components of the boundary (see [7, p. (2.12) I{x to" h(x, t) -ce}l _<-I{x l'l: H(x, t) a.e.
(0, t').
The latter inequality expresses that the volume of the solid remains greater in spherical geometry (up to time t').
3. Proof of (2.1). Let (0, h) be the (unique) classical solution of (1.1) (cf. [6] ).
By the maximum principle, 0_-< 0 =< 1 in all q. Let (0, T) be fixed. Then, for any r/ (0, 1), we have, by (1.1),
As (see, e.g., [7, p. Let/z(r/) [{x to: Oe(x, t)> r/}]. Using standard rearrangement techniques (see [7] ), we get, for almost every 7 e (0, 1),
Here the first inequality is the isoperimetric inequality relating the volume of the set tol O {0e > 7) to its perimeter, the latter taken in the sense of De Giorgi (see, e.g., [7] for details). The second inequality is obtained from the Cauchy-Schwarz inequality applied to the difference quotients corresponding to the derivatives after passing to the limit. Combining (3.1) with (3.2) gives
.>n O k(s, t)= he.('7, t) dtr.
for almost every / (0, 1).
Next define (3.4) Using results from the theory of relative rearrangement (see [8, Thm. [8] ).
We will now prove that F is also nonnegative on ,. As in [7, pp. 24, 31] and [8] , this shows that (3.8) N-2tr2/t)(ml+s)(2/v)-2F(s)+::->=O a.e. sto,.
Os
Now we take the time-dependence into account. Set io (3.9) For the symmetrized problem (i') we obtain as in [8] , for 4. Proof of (2.1). The weak solution (0, h) of (1.1) is obtained as the limit of the solution (0, he) of (1.1) as e ->0, and we will accordingly obtain (2.1) by letting e --)0 in (2.1). For convenience we review part of the construction of (0, h).
Let (O,h) be the solution of (1.1), and let qt =to x(0, t) for t(0, T). 
In the following, we shall replace e, by e for simplicity. Now (0, h) (4.2) holds independently of (1.4).
For the last term in (4.6), we have (h'-he, 0'-Oe)= (h'-h, b(h') be(he)) (h'-he, be(h')-be(he))+(h'-he, b(h')-be(h')).
The first bracket in the last member is nonnegative as b is nondecreasing, and the second one tends to zero with e, as b converges uniformly to b:
Now (4.5) follows by combining (4.7)-(4.9). Thus (0, h) is a weak solution. We now pass to the limit in (2.1). First, we have to give a weak interpretation of the two members of (2.1), since the regularity of 0 that we have is not enough for ao/av and OO/Ov to make classical sense. Here the last member makes sense for almost every for any 0 L(0, T; Hi(o)), h L(q), and defines an (almost everywhere) bounded measurable function of t. Therefore, when (0, h) is the weak solution of (1.1) satisfying (4.4), we choose the last member of (4.10) (4.12) VO(x, t)V(x)(t) dxdt= (h(x, t)-ho(x))(x)'(t) dxdt for as above. Now, the truth of (4.12) 
